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Solving this for numerical values of a and 6, we get the values of x and y 
from the above expressions. 

The same equation may be arrived at by putting x=rcos0, y=rsintt. The 
given equation then changes into a 2 cos#=2r 2 cos 2 #— a 2 ; 6 2 sin#=2r 2 sin 2 #— 6 2 . 
Adding, we get a 2 eos0+& 2 sin0=2r 2 — (a 2 +b 2 ), whence r 2 =i[a 2 cos0+?> 2 sin# 

■ 2 i i,n ai 2i a 2 cos#+a 2 

+ a 2 +6 2 ]. Also, r 2 =J. ^ — . 

J ' cos 2 

Equalizing, changing into the tangent function, the latter being denoted 

by t, we' obtain the same equation as above. 

IV. Solution by H. C. WILKES, Skull Bun, West Virginia. 

Putting x 2 +i/ 2 =s 2 ; then from (1), a i {x + s)=2sx i , and from (2), 
b i (y + s)=2sy s . Any rational value for « will give integral [?] fractional values 
for a 2 and 6 s . Let 3=5, a 2 =45/4, and 6 2 =160/9 ; s=13, a 2 =325/9, and 
6 2 =3744/25 ; 8=17, a 2 =2176/25, and 6« =3825/16. 

67. Proposed by COOPER 0. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, 
Knoxville, Tennessee. 

Prove that cos— =— + cos — s — h cos — = — =£ or —J, according as n is odd 
or even, [and not a multiple of 7]. 

I. Solution by G. B. M. ZEEE, A. M., Ph. 0., Texarkana, Arkansas-Texas. 

. Inn . . nit nit 

sin — = — = 2sin — = — cos — s — . 

t 1 i 



. Ann . 2nn _ . nn 3nn 

sm — s sin — s — = 2sin — = — cos — = — 

/ / it 



. &nn . inn ,. . nn bnn 

sin — = sin — = — = 2sin — = — cos 



7 7 7 • 

nn 'inn bnn s\n\nit mn(nn—lnn) 

.'. cos — -= — h cos — = — |- cos — =— = . 7 = — n . , — - 
7 t ' 1 2sin}w7r 2sin^n7r 

= — Jcos?i7T=±J, according as n is odd or even. 

II. Solution by J. SCHEFFEE, A. M., Hajerstown, Maryland. 

Employing the well-known formula 

>ri n=n r ,/ ,-n cos[a + i(»— l)6]sinin6 
^ «»[«+(— 1,6]=— I lmT f J , 



306 

,,,.,„ „ , _ , w cos3asin3a .sin 6a 

and putting 6=2a, «— 3, we have cosa+cos3a + cosoa= : = I—. . 

sina sina 

„ , ... .sin6a , sin6a + sina , sinla.cosga 

But either J— — = £ : i= L ? J, 

sina sina sina 

.sin 6a , sin6a— sina , . cos£a.sin§a , . 

or, }— — =1 : hi= —. hi. 

sina sma sina 

Putting a= in it, we get in the former case . - T? }, and in 

sin^n?r 

the latter r— t — — hi- If n is even, sinjn7r=0, if odd, cosinir=0. 

sin^nTT 

Q. E. D. 

III. Solution by OTTO 0. CLATTOH, A. B., Fowler, Indiana. 

Unite 1st and 3rd terms of the left member ; then by factoring, we have, 
(2cosfm7r+l)cosijn7r=} or — }. 



l^«ff rV*Q:i<v 



Substituting for (2cosfnw + l), we have -r—, =£or— }, from 

' sin^nTr 

... , sinf?i7r , sin— \nn , . 

which i . , =i. — — — =1 or — I. 

sin|n7r sin^nT 

This being an identical equation the problem is proved ; for ratio 

sin — \nn 



sin4n?r 



=1 or — 1, according as n is odd or even. 



IV. Solution by JOHN B. FAUGHT, A. M., Instructor in Mathematics in Indiana University, Blooming- 
ton. Indiana. 

The equation (1), {cosS+ismffy^—l, i. e., cos7#+isin7#=— 1, is clearly- 
satisfied when U has either of the following values : \it, \n, %ir, \n, \n, y tt 
and '/"• 

.'.(2), (cosn#-Hsinn#)' ! =(— 1)" is satisfied by #=J7T, \n, \n, ^n,\n, 
V n or ^-rt, or nff=^nir, %nir, \nn, \wt, \nn, Y«s or x fwr. 

But (3), (cosntf+^hTOtf) 1 — cos 7 / i('y + 7'icos 6 n0sinn#— 21cos 6 n#8in 8 n# 
— 35icos 4 nWsin E n# + 35cos 3 nflsin 4 n# + 2Kcos s nft3in 6 n#— 7cosn#sin 6 n#— tsin 1 n^ 
=(-1)". 

.•. (4), eos%#— 21cos 5 n0sin 2 n0 + 35cos 3 n#sin 4 n0— 7cosn0sin ll n#=:(— 1) B . 

Or (5), Mco^nO— 112cos 6 n0+56cos 3 w0— 7cosn0— (— 1)"=0, of which 
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cosjnT, cos|nar. cosfnT, cos|»i7r, cos^nar, cos-V'-nar and cos-Vu^ are the ratio. 

Now eos^ww— q=l, according as w is odd or evm, and cos- 1 T 3 »i7r=cosV'* ?1 ' ; 
cos$n7r=cos4n?r. 

Hence we have (6), (cosw6'±l)(64co8 6 w#=F:64cos 5 n#— 48cos 4 n^±48cos 3 «6' 
+ 8cos 2 n#:pcosn#+l)=0, according as n is odd or even. 

.'. (7), 2(cos{nn- + co8fn^ + cos4w^)=±|f=±l. Or cos^n7r + cosJ>n;r 
+ cos|mtt — ±J, according as n is odd or eum. 

We might deduce a number of equally interesting results, thus, 
(cos^rt7r.cos 3 ,?i7r.cosfii7r) s =Ji- 

.•. cos}n^.cos?wT.cos^w^ = ±J, when n is either odd or even, etc. 



GEOMETRY. 



Conducted by B. F. FINKEL, Springfield, Mo. All contributions to this department should be sent to him. 

SOLUTIONS OF PROBLEMS. 

63. Proposed by ALFRED HUME, C. E.. D. Sc, Professor of Mathematics, University of Mississippi, P. 
0., University of Mississippi. 

A rectangular hyperbola cannot be cut from a right circular cone if the angle at its 
vertex is less than a right angle. 

II. Solution by F. M. McGAW, A. M., Professor of Mathematics, Bordentown Military Institute. Borden- 
town, New Jersey. 

Assume axes of coordinates at right angles. 

(a) The equation of the surface of a cone with axis of z as axis of cone, and 
origin at the vertex of cone is 

j; 2 +2/ s -2 s tan 2 it>=0 (1) 

where v=angle at vertex. 

(6) The equation of a plane to same axes and origin as above, in terms of 
its direction cosines and perpendicular from origin is 

lx + my + nz=(l> (2). 

Eliminate z between (1) and (2), and then we have the conic 



